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A SMALL IMPROVEMENT IN THE SMALL GAPS 
BETWEEN CONSECUTIVE ZEROS OF THE RIEMANN ZETA-FUNCTION0 

Sergei Preobrazhenskii 

Abstract. Feng and Wu introduced a new general coefficient sequence into Montgomery 
and Odlyzko’s method for exhibiting irregularity in the gaps between consecutive zeros of 
C(s) assuming the Riemann Hypothesis. They used a special case of their sequence to 
improve upon earlier results on the gaps. In this paper we consider an equivalent form of 
the general sequence of Feng and Wu, and introduce a somewhat less general sequence {a„} 
for which we write the Montgomery-Odlyzko expressions explicitly. As an application, we 
give the following slight improvement of Feng and Wu’s result: infinitely often consecutive 
non-trivial zeros of the Riemann zeta-function differ by at most 0.515396 times the average 
spacing. 
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1. Introduction. It is well known that the Riemann zeta-function ({s) has inhnitely many 
nontrivial zeros s = p = (3 + i'j, and all of them are in the critical strip 0 < Res = a < 1, 
—oo < Ims = t < cx). 

If N{T) denotes the number of zeros p = (3 + i'y {(3 and 7 real), for which 0 < 7 ^ T, then 


with 


and 


N{T) = — hg(—^ - - + - + S{T) + o(- 
^ ^ 271 ^\27iJ 271 8 ^ ^ \T 


^(T) = iargcQ + *T 


^(T) = 0(logT). 

This is the Riemann-von Mangoldt formula for N{T). Hence, if we let 0 < 7 ^ 7 ' denote 
consecutive ordinates of non-trivial zeros of C('S), the average size of 7^—7 is 7 /^( 7 ) ~ 27r/ log 7 . 
Let 

log 7 


and 


A = hmsup(7' — 7)- 

7 >o 27r 

/ xlog7 

/i = hmmf (7 - 7 )^—. 

7>0 ZTT 


We note that p 7 1 ^ A and it is expected that p = 0 and A = -|-oo. 

Let Vo(T) be the number of zeros of C (| + R) when 0 < t ^ T, each zero counted with 
multiplicity. The Riemann hypothesis is the conjecture that No{T) = N{T). 

In this note we prove the following theorem. 
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Theorem 1. Assume the Riemann Hypothesis. Then we have 


< 0.515396. 


We briefly describe the history of the problem, focusing mainly on p. 
• [7]: in 1946 Selberg remarked that p < 1 < A unconditionally. 

Now suppose that T is a large real number and K = T(logT)“^. Let 

Re a,kank9c{n)A{n)n-^/‘^) 


h{c) = c — 


where 


9c{n) = 


2sm(xcg#) 


71 logn 

and A is the von Mangoldt’s function. 

In the following results, the truth of the Riemann Hypothesis is assumed. 


(1) 


• [6]: in 1981 by an argument using the Guinand-Weil explicit formula, Montgomery and 
Odlyzko showed that if h{c) < 1 for some choice of c and {a„}, then A ^ c, and if h{c) > 1 
for some choice of c and {a„}, then p ^ c. They used the coefficients 



/ logfc A 
VlogATy 


and Ofc 


A(fc) r ( logfc A 

kl ^ \\ogK) 


where / is a continuous function of bounded variation, and X{k) is the Liouville function. 
With this choice of the coefficients they obtained A > 1.9799 and p < 0.5179 by optimizing 
over the functions /. 

• [2]: in 1984 Conrey, Ghosh & Gonek chose the coefficients 

dr{k) , X{k)dr{k) 

yj~i^ ^k 

where dr{k) is a multiplicative function defined on integral powers of a prime p by 



drip’') 


r(fc + r) 

r(r)fc! ■ 


The choice r = 1.1 with the latter Ok yields p < 0.5172 and the choice r = 2.2 with the 
former au yields A > 2.337. 


• |1]: in 2005, by making use of the Wirtinger’s inequality and the asymptotic formulae for 
the fourth mixed moments of the zeta-function and its derivative, R. R. Hall proved that 
A > 2.6306. 


• [T]: in 2010, Bui, Milinovich & Ng considered the coefficients of the form 




drjk) p / log K/k\ 


and Ofc 


Xik)drik) „nogK/k\ 

Vk ^ 


for a polynomial / and obtained A > 2.69 and p < 0.5155. 
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• [3]: in 2012, Feng & Wu introduced the coefficient 

_dr{k) f\ogK/k\ f\ogK/k\ ^ logpilogpa 

-1J~ l“i^ j + 

\ PiP2\k 

/log K/k\ ^ \ 0 gp 1 \ 0 gp 2 l 0 gp 3 

^^^\\ogK J ^ \og^K 

piP2Pz\k 

/ log K/k \ log Pi logpa • •-logpj \ 

^^\\ogK ^ \og^K r 

PiP2--pi\k ° / 

for any integer / ^ 2. Using 1 = 2 they obtained A > 2.7327 and p < 0.5154, or, to 
higher precision, p < 0.515398. 

We remark that the coefficient of Feng & Wu is equivalent to the coefficient 



for which the calculations are simpler. 

To prove Theorem [H we choose the coefficients 




X{k)dr{k) / log K/k \ X{k)dr{k) p f logP \ ? f log K/k \ 

kh V log^ / fcl “ Vlog^/ V log^ / 


where /i, /i, P are some polynomials to be chosen later. The given above are less general than 
the coefficients of Feng and Wu, but they are simpler, so we are able to write the Montgomery- 
Odlyzko expressions for our sequence explicitly. 

2. Lemmas. 


Lemma 1 (Mertens Theorem). 



logp 

P 


log|/ + 0(l). 


Lemma 2 (See Levinson [5]). 

logp 
pb 



O (log log j). 


Lemma 3. For fixed r ^ 1, 

^ = AAiogxf + o ((logrp-') 

k^x 


uniformly for x ^T. 
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Lemma 4. Let ai be integer for 1 ^ i ^ m, D > 1 and f is a continuous function. Then 




02 — 1 


h xi 


-dxi 


dxo ■■■ 


W-m f{xiX2 ■ ■■XmX) 


dx 


X 2 


X 




(Er=i«*)! 


dx. 


X 


Lemma 5. Let a* be integer for 1 ^ i ^ m, and g is a polynomial. Then we have 

dr{kf f\ogK/k\ 


E ar{K) / lUg / K \ 

k ^ \ log K ) 

ki:K \ fc. / 


cK 


=Ar / g 




X 


and 


E E 


P'. 


drikof ^ f\ogK/{piP 2 .. .Pmko) 


PlP2---Pm<:K i=l 

= (1 + 0 (log-'JO) 


ko^K/{pip2...pm) 


ko V 


logJJ 


I-K 


X Arr^ I log“^ " log“^ 


1 dx 


1 / 


^ , __ dXm 


Xi Ji 


X 


f log K/ {xiX 2 ■ ■ ■ X.,nX) 




log JJ 


X2 Jl 

/, ^r^—idx 

logx —. 

X 


l0g«m 


Xn 


For the proof of Lemma [5] using Lemmas [IH3l see [3] . 

3. Proof of Theorem [H To give an upper bound for p,, we evaluate h{c) in ([T]) with the 
coefficients 

X{k)dr{k) ^ flogK/k\ X{k)dr{k) 


— 


/C2 


-/l 


- 


logJJ 


, X{k)dr{k) ^ ^ f logp\ ~ flogK/k\ 

J ^ ^ jj 


where r ^ 1 and /i, fi, P are polynomials. 

First, we evaluate the denominator in the ratio in the dehnition of h{c). 

dr{kY flogK/k\^ 


Ek+e^/.^ 

k^K kCK \ to / 


^E^/.(!^)/t(il^)E- 

fcsgir \ to / \ to / p|fc 

dr{,kY ~ L logR/k V ^ f logp \ ^ 
^ k logK ) ^ KlogK)^ 


p\k 


q\k 


k^K 

=L)i + D 2 + D^. 

Using Lemma O and recalling that K = T(logT)-^, we have 


/ logp \ 

ViogJJy 

logg 
log JJ 


H-1 


=Jl,r2(log JF)^^ ^ (1 - uf-^UiuYdu + O ((logT)’'^-') 
=Ay{logTY^ f\l - uY^-^fYufdu + O ((logT)’'^-'+^) , 


( 2 ) 
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where e > 0 is arbitrarily small and the constant in the 0-term depends on r, e and fi. By 
Lemma E] we obtain that 


D, 


2 Arr^ f Pi(\ogxi) fr f^ogK/xix\ 


^ogK 


Xi 


1 logi^ ) 


X fl 


f\ogK/x,x\ (I ^ o f(logr)^^-'« 

X V 


V log^ 


where Pi{y) = By the variable changes n = 1 — n = 1 — we have 


logic 


D 2 = 2 Arr\\ogKy / P^l-u) (u - vYMv)fyv)dvdu + O {(logT) 


\r^-l+e 


( 3 ) 


= 2 Arr\\ogTY / Pyi-u) {u-vY-^h{v)h{v)dvdu + 0 {i\ogT) 


\r^—l+£ 


where the constant in the 0-term depends on r, e and /i, fi. 
We have 

dr{kY ~ f\ogK/k\ 


(if j ^ (if 


k^K 
= -031 + -D 32 . 

Again by Lemma |5] we obtain that 


dr{kf ( log K/k \ 


VlV2\k 
2 


logPA r^f^Ogp2\ 

7 




p\k 


D 


31 


ArV^ f Pi(logXi) f Pi(loga:2) [^ 1^2 ~ f\ogK/xiX 2 x\ 


log K 


Xi 


X (logx)’’^ ^—dx 2 dxi + O ( (logT) 

X 


X2 Jl 

r^ — l+£ 


fl 


\ log K J 


where Pi{y) = We remark that by Lemma |4] we can reduce the number of the repeated 

logJ:i 
logic 


integrations in the above expression. By the change of variables u = 1 — , n = 1 — 


K ’ 


_ \ 0 gxxx 2 x 
^ ^ log iC ’ 


P3i=^.7(logPr / Pi(l-n)/ Pi(l-n) 


pu-\-v—l 


{u + v — w — iy ^fi{wYdwdvdu 


+ o((logT)^^-i+^) 


' 1—U 


=Arry\ogTy / Pi(l-n) / Pi(l-n) 


ru+v—l 


{u + v — w — iy ^fiiwYdwdvdu 


-I-o ((iogTr"-‘+'), 


' 1—U 


( 4 ) 


where the constant in the 0-term depends on r, e and /i. Similarly, 


D^ 2 =Arr\\ogKy / P 2 Y-U) {u-vY-^fYvYdvdu + 0 [{\ogT) 


\r^-l+£ 


=Ay{\ogTy / P 2 {l-u) {u-vY-^fi{vYdvdu + 0 i{\ogT) 


\r2-l+£ 


( 5 ) 
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where P 2 {y) = and the constant in the 0-term depends on r, e and fi. 

We now proceed to evaluation of the numerator in the ratio in ([T]). If we let 

^(c) = o.kank9c{n)A{n)n~^/‘^, 


nk^K 


then 


me) =- 

TT ^' 


\{k)dr{k)\{nk)dr{nk)A{n) 


nk^K 


kn log n 


■ sin TTC 


pi\k 


-A 


nogK/k \ ~ k logK/nk \ 

V logK logK ) 4- 


pi\nk 


logn\ 

logT; 

log Pi \ 

V log j-iTy 

y iogPi \ 

Viogi^y 




/ logKlk \ ~ / logK/r^ p(P f 

\\ogK logiT viog/fty^ viog/ft 


so we can write 


N{c) = N, + N 2 + Ns + W- 
Using the distribution of A(?7,), we obtain 


m = --Y: 

IT 


dr{k)dr{pk) 


pk^K 


kp 


sin TTC 




--E 

71 ^ 


.logP 


2^ ^ Sin ^TTCj^j ^ drlkf ^ /logi^/A:\ ^ /logi^/pA:\ 


P^K 

By Lemma [5] we have 


p 




k^K/p 


O A ^3 Sin I TTC 
N, = - ^ - 

pf:K 


logp \ K 

^osTj n / \ogK/x \ k log K/p. 

Ji V logA' y V logA' 




(log a; 


2_ida; 


X 


+ o[[iogTy"-^ 

From Lemma [Hand Abel’s summation, 

,logJ£l 


iVi = - 


2A,.r 


3 pK Sm TTC 


logT 




r xilogxi 

+o((iogTr“-‘). 

Interchanging the order of integration and the names of the variables x and Xi, we hnd 


^ _ 2Arr^ r j. / logK/xA (logxi)^ 
^ tt ii ^ V logA' y Xi 


logx 

"logTy /logJF/xxi\ dx 


logx 


fl 


V logi^ ) 


X 


dxi 


+ o((iogrr“-'). 
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Letu = l-\^,v = ^. Then 


logi^- 


N, = - 


2Arr^ 


TT 


(log^r / (i-uy-^Mu) 


ru sin I vrc-yM) 


fi{u — v) dv du 


O (logT) 


H-i 


2Arr^ 


TT 


(logTr / (i-nr-7i(«) 


sin(7rcn) 


(6) 


fi{u — v) dv du 


O (logT) 


r^-l+e 


where the constant in the 0-term depends on r, e and /i. 

In N 2 we can replace the product of the summation variables nk by ppiko to get 

2r^ ^ P (igg) ^ 


TT —' Pi 

pi^K pko^K/pi 


pko 


X /. yy/yyy h yyyy’ )+«(dogry- 


V log K 


\ log K 


The inner sum Y.pk,^K/p^ in the expression above is the sum Efco<i^/pi Z^p<i^/(pifco) 
calculation of A^i, we can show that this double sum is 




. As in the 


Arv'^ 


X 


ff ^osK/{piX2) \ (logX2)^" ^ 
b ^ V log^ / X2 

I loe; X \ 

sm I TTCjj^ j /log-A/(pia;a; 2 )\ dx 


Jl logx 

By Lemma [U we obtain 


/i 


V log^ J 


-^dx2 + O ^(logT)’’'^ . 


XI \ K 


^ _ 2Arr^ -^1 [ioIk) El ^ fhgK/{xiX2)\ {\ogX2Y^ ^ 


7r{\ogK) Jl xi Jl V log A' J 


X2 


sm TTC 


X 


loguy Aog A'/(a;xiX 2 ) \ dx 


fi 


— dx 2 dxi + O ((logT) 


Jl log a: \ logiL J x 

Making the variable changes u = 1 — n = 1 — 


\r^-l 


logK' 

pU 


log 


E_2 yj — —&— ^0 cr0f 

K ’ ^ logif’ 


N 2 , = 


^^(logT)"' / Pi(1-m) / {u-vY^-^fi{v) I fi{v - w) dw dv du 

TT Jo Jo Jo U! (^Y) 

O f(logT)"'-i+"' 


where the constant in the 0-term depends on r, e and fi, fi. 

As in Ni and N 2 , the terms with n = p for the primes p give the main contribution to N^\ 


= -sin I TTC 




pk^K 


logp\ dr{k)dr{kp) ^ flogK/k\ ~ flogK/{pk)\ 

— I -( log If ) 


X 


log T J kp 


Pl\pk 
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For (p, /c) = 1 it follows that 


pi\pk 


/ log Pi \ 

Viog itry 


Pl\k 


/ logPi \ p / logp \ 
Vog Kj \hgKj 


( 8 ) 


Since the contribution of the terms with (p, fc) 7 ^ 1 in iVs is O ((logT)’’^ ^), then, according to 
decomposition ([H]), we can write 


iVg = iVsi + 7 V 32 + O (^(logT)'-'-') , 


where 


0^3 P ( , 


sm 


) 'ir(hr- 


TT ^' Pi 

Pl^K pko^K/pi 


pko 


X fi 


/ logiF/(ppifco) \ / logJF/(pifco 

V log^ /V log^ 


+ 0 (logT) 


r^-l 


and 


N 32 — 


2r sin dr(fc) P (^logK^ ~ /'\ogK/{pk)\ 

71 pk ^ \ logiF / 


pk^K 


As in the calculation of N 2 we get 


N31=- 


2ArP 


71 


(logTr / Pi(l-w) / {u-vy-^hiv) 


X 


sm vrcw 


w 


fi {v — w) dw dv du + O ((log T) 


\r^-l+e 


and as in the calculation of iVi, 


^32 — — 




TT 


(logT)^ / (1 — «)'■ ^/i(m) / sin( 7 rcn)Pi(n)/i(M — n) dudw 


+ o((logT) 

where Pi(p) = Thus, 


r^ —1+£ 


fV. = - 


X 




TT 


(logTr / pyi-u) / 


sin(7rctc) 




fiiv — w) dw dv du 


2Arr^ 


TT 


(logT)'' / (1 — Ji('w) / sin( 7 rcn)Pi(n)/i(M — n) dndti 


O (logT) 


r^-l+£ 


(9) 























where the constant in the 0-term depends on r, e and /i, /i, P. 

Again, in the sum dehning iV 4 we can replace the integers n ^ 2 with the primes p: 


m = 


--E 

71 ^ 


sm 


pkt^K 


\ogp\ dr{k)dr{kp) ~ f\ogK/k\ ~ (\ogK/{pk)\ 

-C— I-- h /. I 1 


logTy 


kp 


\ log -A / 



+o((iogTr"-'). 


For the two innermost sums, if (/c,p) = 1, we have 



According to this decomposition, we write 


A 4 — A 41 + A 42 + A 43 . 


As before, by Lemma [5] we hnd 


iV41 =- 


2 Arr'^ -^1 (io|ic) /■-! -^1 (io|x) /■-1-2 ~ /^log A/(a;iX2a:3)^ (loga;3) 

Ji 


r^-l 


X 


7r(logA)2 7^ Xi X2 Ji V J 

logx \ 

Wr) ~ f\ogK/{xxiX 2 Xz)\ dx 


^ sin (vrc^ 


0^13:2^3 




Ji logx \ log A y X 

Making the variable changes u = l- v = l- 1^, w = l- Lg£i£2£3 ^ _ Jogx 


fi ^ J dx 2 dxi + 0{ (logT)' 

’‘I£li£2i£3 ^ ™ g-pf 

logK ’ ^ logi^’ 


log K ’ log K ’ 

n /•! 


-(logT)^ / Pi( 1 -m) / Pi(l-n) 

^ Jo Jl-u 

p‘lL~\~'V _1 pU) ' ( ^ 

X / {u + V — w — iy^~^fi{w) / — z)dzdwdvdu 


'0 


'0 


z 


+o((iogTr^-'+^), 


where the constant in the 0-term depends on r, e and /i, P. 
Next, 


A42=- 




h 


[\ogK/{xiX 2 )\ (log 0 : 2 ) 


r ^-1 


7r(logA)yi Xi Ji \ log A J X 2 


^ ( logKJ(x.,x,Y -^ Aax,dx, + o((logTf-^ 


'1 


logx \ log A J X 
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Degrees 

Value of c Value of r 

Polynomials 

fi 

fi 

P 

fi 

fi 

P 

3 1 2 

0.515398 1.18 

1.95 + 1.47a; - 
1.07x^ — 0.29x^ 

-0.7- 1.92x 

x2 

3 1 3 

0.515397 1.18 

1.655 + 1.25a; - 

0.886a;2 - 0.25x3 

-0.57- 1.6x 

x2 + 0.036x3 

6 2 3 

0.515396 1.18 

1.78 + 1.017X + 
0.2x2 - 1.56x3 + 
0.45x^-0.06x3 + 
0.05x3 

-0.629-0.88x- 
1.799x2 

x2 + 0.083x3 


Table 1: Numerically optimal polynomials in the coefficients {a^}, for which h{c) > 1. 


By the variable changes u = 1 — v = 1 — , w = we get 


N ,2 = - 


n Ton ^ f ^ ^r2-l f ^ ^ f sm TTCW 

-(logT) / P 2 {l-u) {u-v) fl{v) - 

TT Jo Jo Jo W 


O (logT) 


—1+£ 


/i (n — tc) dw dv du 

( 11 ) 


where the constant in the 0-term depends on r, e and /i, P. 
Finally, 


N43=- 


2Arr^ /‘^-^l(lo|x) f ~ f\ogK/{xiX 2 )\ {\ogX 2 y^ ^ 

Jl 


7r(logiF)2 7^ xi Jl \ logiF J X 2 

logx\ /loga:\ ~ /logiF/(a:a:iX 2 )\ dx , nfn 


f =^ 1^2 

X / sin I vrc 


'1 


X 


By the variable changes n = 1 — n = 1 — w = we get 


iV43=- 


2 Arr^ 


TT 


(logT)'" / Pi(l —n) / (m — n)'' /i(n) / sm{TTCw)Pi{w)fi{v — w)dwdvdu 


+ o((iogry-‘+'), 


( 12 ) 


where the constant in the 0-term depends on r, e and /i, P. 
Using Di, Ni given by we can evaluate 


h{c) = c — 


Ni + N2 + No + N4 


Di + D 2 + Do 

The results of our numerical calculations are summarized in Table [H 
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